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Recurrence Equations:

Ri — Ri—l —+ Ai
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Loop
Interchange

Loop
Fusion

Genome Sequence Alignment (NW) Parallelization

NL] = max(Ni_llj_l + S(l,]), Ni,j—ll Ni—l,j)

Floyd-Warshall Shortest Paths
Sij = mink(Sl-j,Sik + Sk])

Triangular Solve:
X = (Bi_zLinj)/Lii

Cholesky Decomp: Sparse(-lr;lear]crsnourlf\lgema
Ly = (A= ) ki) BFS  Sparse Cholesky, LU...
QR Decomp,

Viterbi Algorithm
LU Decomp T

ij — maxk(Tkj_1 * Aki * BU)

Row-major arrays,
Sparse arrays, etc



Optimizations: Not as trivial for recurrences

for 1i<N: for j<N:
for j<N: for 1i<N:
for k<N: for k<N:
Cij += Ay By; Cij += Ay By;
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Optimizations: Not as trivial for recurrences

for i<N: for j<N:

for j<i: for k<j:

Lij = A;; — L1;

for k<j:
L]‘U += Liijk
Lij = (Aij—L1;;)/ Ly;

for i>7:
Llii += Ll]L]k
L]-l] += Liijk
Ly = /Ay — L1;; for 159:

Lij = (Aij — Lij) /Ly;
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RECUMA (Recurrence Compilation Machine)

Recurrence Equations

Lij = (Aij — 340 LitLjx) /Ly

R4

L;; = \/Aij =3 o LitLs

R

Stanford University



RECUMA (Recurrence Compilation Machine)

Recurrence Equations

Lij = (Aij — 340 LitLjx) /Ly

1J<i Dependency Lower to IR .| Lower to
A Analysis ~ Recurrence Index Notation d
Lij = \/ Aij = 3o Lt L
for i<N:
VA for j<i:
for_all k<j:
Schedule L1;j+ = L;; L
Lij = (Aij — L1y) /L
loop ordering L1+ = Lyi;L;;
parallelization
Lii = /Ay — L1y
Storage
Dense (row/column major)
Sparse (CSR)
Sparse (CSC)
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Recurrence Language

Constrain

«———lteration Bounds:
Lij = (Aij — >k BixBir)/Bj;
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Recurrence Language

Constrain

.« lteration Bounds:
Lij = (Aij — >3 BuBj)/Bjj 1k <j<i
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Recurrence Language

Make Computation
in-place:

Lij = (Aij — Y} BuBj)/Bj; k< j<i
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Recurrence Language

Make Computation
in-place:

Lij = (Aij — Y0 LaLj)/Lj;  +k<j<i
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Recurrence Language

Multiple Equations

Lij = (Aij — >3 LaLjr)/Lj; :k<j<i
Lz’j:\/Az'j—ZiLiijk k<jg=1

Stanford University



Recurrence Language

Multiple Equations

Lij — (Az] S Zi szL]k)/L]] k< ] <1

Lzy — \/A’Lj — E :k szL]k k<j=1
Cholesky Decomposition as a system of mutually dependent recurrences

Stanford University



Cholesky Dependencies

L]-ij = Z‘I{:O szLJk E g = 4
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Cholesky Dependencies

L]-ij = Z‘I{:O szLJk E g = 4
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Cholesky Dependencies

L]-ij = Z‘I{:O szLJk E g = 4
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Dependency Abstraction
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L1; =

J
k=0

szij ] <1




Code Generation

j
for 1 < N: 14U==22Lmﬂm
k

for j < 1i:

for k<j
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Code Generation

for 1 < N:

for j < 1i:

for k<j
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Code Generation

for 1 < N:
#LCiﬁ)ready
for j < 1i:

for k<j
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Code Generation

for 1 < N:
#L(i, ready
for j < 1i:
#L(; .j)ready
for k<j
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Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik
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Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik

Lij = (Aij—L1;;)/Lj;

________

~
—
S
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Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik

Lij = (Aij—L1;;)/Lj;

________

~
—
S
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Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik

Lij = (Aij—L1;;)/Lj;

________

&
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Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik
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Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik
Llii += LULU
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Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik
Llii += LULU
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Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik
Ly = Ay — L1y )/ Ly
L1; += Lj;Ly;
Ly = Ay — L1;;

Stanford University



Code Generation

for 1 < N:
#L.;, . ready
for j < 1i:
#L(; .j)ready
for k<j
Lll] += ijLik
Ly = Ay — L1y )/ Ly
L1; += Lj;Ly;
Ly = Ay — L1;;
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Different schedules

IJK Cholesky
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RECUMA (Recurrence Compilation Machine)

Recurrence Equations

Lij = (Aij — 340 LitLjx) /Ly

1J<i Dependency Lower to IR
A Analysis ~ Recurrence Index Notation
Lij = \/ Aij = 3o Lt L
for i<N:
VA for j<i:
for_all k<j:
Schedule L1;j+ = L;; L
Lij = (Aij — L1y) /L
loop ordering L1+ = Lyi;L;;
parallelization
Lii = /Ay — L1y
Storage
Dense (row/column major)
Sparse (CSR)
Sparse (CSC)
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Loop Fusion

Code gen/placement algorithm is greedy = automatic loop fusion
Axq = bq
Ax, = by
1.98-1.92x speedup when fused
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Parallelization

Auto-parallelization of dense Viterbi equation

Viterbi: Normalized Runtime of Parallel vs Serial Loops
B Serial B Parallel

2.5
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Performance parity with handwritten libraries

SDDMM and SpMV Speedup Over Taco
P peedup Floyd-Warshall Speedup Over Boost Triangular Solve Speedup Over CXSparse
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Loop
Interchange

Loop
Fusion

Genome Sequence Alignment (NW) Parallelization

NL] = max(Ni_llj_l + S(l,]), Ni,j—ll Ni—l,j)

Floyd-Warshall Shortest Paths
Sij = mink(Sl-j,Sik + Sk])

Triangular Solve:
X = (Bi_zLinj)/Lii

Cholesky Decomp: Sparse(-lr;lear]crsnourlf\lgema
Ly = (A= ) ki) BFS  Sparse Cholesky, LU...
QR Decomp,

Viterbi Algorithm
LU Decomp T

ij — maxk(Tkj_1 * Aki * BU)

Row-major arrays,
Sparse arrays, etc



Solvers, Sequence Alignment, Graphs, Dynamic
Programs...

Path to putting these on a common foundation

Optimizations shared & reused across different algorithms

Future: Tiling, wavefront parallelism, supernodal cholesky, new hardware

Thank you
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Solvers, Sequence Alignment, Graphs, Dynamic Programs...

Path to putting these on a common foundation
Optimizations shared and reused across different algorithms

Future: Tiling, wavefront parallelism, supernodal algorithms

Thank you



End



Visualizing Dependencies

Cholesky Decomp:
L = (Aij_z LicLji) /Ljj

Lij = \/Aii - Z LijLij

innermost/fastest loop

———————

L]-z'j = Z‘I{:O szL]k 11 <1

.

outermost/slowest loop UK Cholesky
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Visualizing Dependencies

innermost/fastest loop

_______

outermost/slowest loop IJK Cholesky

JIK Cholesky
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Path to portability over data structures and machines

-show petsc diagram?



Recurrences: Two Dependencies

Fi=Fi 1+ Fi o
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Recurrences: Multidimensional
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Recurrences: Multidimensional

Nij = ma:n(

match =1

Needleman-Wunsch

mismatch = -1 gap =-1
c A T G
2 3 4 5
<0 -1 2 -3
<
0 1 0 -1
L
-1 0 2 1
)} SRR
-2 1 1 1
e
3 - 0 0
=
2 | 2 1 -1
3 | -1 2 2
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Recurrences: Multiple Equations

Lij = (Aij — 223 LieLiji) / L5

k<3<

Lz‘jZ\/Aij—ZiLz‘ijk k<j=n1

Cholesky Decomposition

...LU Decomposition, QR Decomposition, Triangular Solve
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Sparsity
Tij — man(Tk,j_l % Akz * BZ])

Xi =325 (Aij * X))
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Common Software Optimizations

Loop Interchange
Loop Fusion

Parallelization

Stanford University
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Optimizations: Not as trivial for recurrences

for 1i<N: for j<N:
for j<N: for 1i<N:
for k<N: for k<N:
C(iJj)=A(iJk)*B(ij) C(i)j)=A(iJk)*B(k)j)
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Loop Interchange For Recurrences (Cholesky)

for i<N: <
for j<i:
for k<j:
L1;j+ = L L
Lij = (Ay — L1y) /Ly
L1;i+ = L;jL;;

v Aii

L = — L1;

Stanford University

\ 4

for j<N:
for k<j:
Ljj+ = LijLi;
Lj;j =/ Aj; — L1j;

for 1>j:

Lij+ = LixLjk
forix:

X Lij = (Ai — Lij)/ Ly;




Parallelization

Auto-parallelization of dense Viterbi equation

Viterbi: Normalized Runtime of Parallel vs Serial Loops
B Serial B Parallel

2.5
2.0
1.5
1.0
0.5
0.0

100 400 800 1600

Number of States (N)



Recurrence Language

Cholesky Decomposition:
Solves Ax=b for certain A’s

What needs to be added to Tensor Index Notation
to express it?
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Language: Tensor Index Notation ->Recurrences

lteration Bounds:
k<N, j<N, i<N

Lij = (Ai — >k BuBj)/Bj
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Language: Tensor Index Notation ->Recurrences

Constrain Iteration Bounds:
k<j<i<N

Lij = (Ai — >k BuBj)/Bj
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Language: Tensor Index Notation ->Recurrences

Make Computation in-place:
Replace B’s with L’s

Lij = (Aij — Y} BuBj)/Bj; k< j<i
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Language: Tensor Index Notation ->Recurrences

Make Computation in-place:

N
Lij = (Aij — >y BaBjx)/Bjj 1k <j<i
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Language: Tensor Index Notation ->Recurrences

Multiple Equations

Lij = (Aij — Y0 LaLj) /Ly +k<j<i

Lij:\/Aij—ZiLiijk R<g=1
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Different Loop Orders

innermost/fastest loop

______________

Ly "G i 7%
&\A o >~
i P
o, o of o
outer;\\c;st/slowest loop IJK Cholesky JIK Cholesky
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Results: Loop Fusion

Code gen/placement algorithm is greedy - automatic loop fusion
Ax1 - bl
AXZ - b2

1.92-1.98x speedup when fused



